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Hawking—-Unruh Effect on Thermal Equilibrium
State

Zhao Zheng,'* Zhu Jianyang,’ and B. Misra>*

Received March 15, 1995

It is pointed out that the usual (Gibbs) thermal equilibrium state in Minkowski
spacetime is no longer a thermal equilibrium state for a uniformly accelerated
observer. Similarly, the thermal equilibrium state in Kruskal spacetime is not a
thermal state for a Schwarzschild observer.

It is well known that a vacuum state in Minkowski spacetime appears
to be a thermal state for a uniformly accelerated Rindler observer (Sciama,
1981; Gibbons and Perry, 1978). Unruh gives a simple proof (Unruh, 1976;
Birrell and Davis, 1982). Under the Rindler transformation

t = a”'e* sh(am) M
x = a~'¢* ch(am)
the line element is represented as
ds* = e**¥(dn? — dE?) V)]

where ae™ is the proper acceleration of the Rindler observer at £ For a
massless scalar field, Unruh obtains the Bogolubov transformations
b = [2 sh(ww/a)]”VHe™ 2 d@P + e~ ™2aq 1)) 3)
bR = [2 sh(mw/a)] Ple™24dy) + e~ ™24 2]]

! Department of Physics, Beijing Normal University, Beijing 100875, China.

2Department of Physics, Jiangxi Normal University, Nanchang 330027, China.

3School of Physical Sciences, Jawaharlal Nehru University, New-Delhi, India.

4 Instituts Internationaux de Physique et de Chimie, Fondes par E. Solvay, Campus Plaine ULB,
B-1050 Bruxelles, Belgium.

741
0020-7748/96/0400-0741809.50/0 © 1996 Plenum Publishing Corporation



742 Zheng, Jianyang, and Misra

which provide a relation between a Minkowski vacuum state 10)y and a
Rindler vacuum state |0)g, where

di’10)y = d@10)y = 0 4)
b 10)x = bR10)g = 0

and ® = |K|. In fact, b’ and b are annihilation operators of the Rindler
particles in the Rindler regions L and R, respectively (see Fig. 1). The
Hermitian adjoint operators b{’" and b?’" are the respective creation operators
of these particles. On the other hand, both d{’ and 4% are annihilation
operators of the Minkowski particles almost entirely concentrated in the
Rindler regions L and R, respectively. And both d§{’" and d' are creation
operators of them (Unruh, 1976).
From (3), we have

bS(I)T — [2 sh(,n_m/a)]—lfl’[ewmﬂadk?ﬁ + e—'nmi'.’ad(_l}(] (5)
So
1

mO16PBP10)y = JZmala _ |

This means that a Minkowski vacuum state is a thermal equilibrium state
for a Rindler observer uniformly accelerated in the Rindler region L. For the
region R, we can obtain a similar result

(6)

(OB 100 = L

2nwla 1

Now, we are interested in what a uniformly accelerated observer in the
Rindler regions R and L will see when there exists a thermal equilibrium

Fig. 1. Conformal diagram of the Rindler system. The regions R, L, F, and P are represented
by diamond-shaped regions. £ = const is the timelike world line of a Rindler observer.
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state in the Minkowski spacetime. For simplicity, let us still consider massless
scalar particles. With the canonical ensemble, in the Rindler region L, we have

(BB g = (e PBRB e
= oBF 2 e PE[2 sh(mw/a)] ™!

. [E“me«b[!Ng)hbi)M + g"m”/"M<\1}if(l + Ml}()f\‘!,)M] @)

where NO% = dW3d'%, NP = d@'d, and the partition function e BF =
tr(e P¥). Here |{;;)y is a pure state in the Minkowski spacetime, containing
particles N§’ and N’ and being an eigenstate of the total Hamiltonian H
with energy eigenvalue E;.

Since the state is in thermal equilibrium for Minkowski (inertial) observ-
ers, we have

nlk = e85 3 e Pl N =~ ®
i er— —
2) — LBF —BE; 2) - 1
n = b 3 e Pl NP Wi = —5o—— )
The normalization is
ePr Y, e PE (Uil = 1 (10)
So, we obtain
2mwl/a + Bw
DAY = e €
(bS{ b?( )M.B (ez—m,,/a _ l)(eﬁ“’ _ l) (ll)
In the Rindler region R, we obtain similar result,
2w/ + B
P BPIp = 5 (12)

(e21rm/a — 1)(eBm — 1)

Equations (11) and (12) tell us that a thermal equilibrium state in the
Minkowski spacetime will no longer be an ordinary thermal state for the
uniformly accelerated Rindler observer, and it no longer satisfies the Planck
distribution law. It will be a new quasi-thermal equilibrium state which is time
independent and which is charactered by two quasi-temperature parameters.

From (11), we know that the new state will go over to the ordinary
Minkowski thermal equilibrium state

BB M — (13)

e |



744 Zheng, Jianyang, and Misra

when the acceleration a of the Rindler observer tends to zero. On the other
hand, when the temperature of the thermal state in the Minkowski spacetime
goes to zero, i.e.,

B

the uniformly accelerated Rindler observer will see an ordinary Hawking—
Unruh effect,

1
(BB g = Jmaa — | (14)

-1

Summarizing, we find a new quasi-thermal equilibrium state which is
charactered by two quasi-temperature parameters. One of them is the initial
temperature 1/B. Another is the Hawking—Unruh temperature T = a/2m. We
can name the new state a “double temperature state.” It should be pointed
out that above conclusion is reliable in principle at least when 1/B is not too
high, although we do not consider the reaction of radiation to the curvature
of spacetime.

For the Schwarzschild spacetime manifold, we can get a similar conclu-
sion. The Bogolubov transformations of a massless scalar field between the
creation and annihilation operators associated with the Kruskal particles and
those associated with the Schwarzschild particles are

bV = [2 sh(mw/k)]™2[e™?*df? + ¢~ mw2xg)T]
{b52> = [2 sh(mw/k)] " 2e™*dfD + ¢~m2%dC)1] (15)
where
diV10) = diP10) =0
bi?10)s = bfP10)s = 0 (16)
w = [l

K is the surface gravity of the Schwarzschild black hole. 10)x and 10)g are
the Kruskal vacuum state and the Schwarzschild vacuum state, respectively.
Here, the Kruskal spacetime and the Schwarzschild spacetime are similar to
the Minkowski spacetime and the Rindler spacetime, respectively.

1t is well known that a Kruskal vaccuum state is a thermal state in the
Schwarzschild spacetime

(OB B 10) = (O16PTE 10} = - ‘ (17)

2Tw/k . 1

where T = k/2w is the temperature of the black hole. Similar to equations
(11) and (12), we can prove that an ordinary thermal equilibrium state whose
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temperature is 1/8 in the Kruskal spacetime will be a “double temperature
state” in the Schwarzschild spacetime. We have

(b = BB =

e2‘rru)/K + eﬁw
(eZﬂm!x - 1)(65‘” — 1)

(18)

Here, similar to the Minkowski case, we do not consider the reaction of
radiation to the curvature of spacetime. We believe that the above conclusion
is reliable in principle, at least when 1/8 is not too high.

The “double temperature state” phenomenon may be quite general in
quantum field theory in curved spacetime. It is a kind of new quasi-thermal
equilibrium state. Their energy spectra are not Planck spectra. They are
characterized by two quasi-temperature parameters, unlike ordinary thermal
equilibrium states, which are characterized by a single parameter called the
temperature. The validity of the conclusion that the usual thermal state in
Minkowski spacetime (or Kruskal spacetime) is no longer a thermal state for
a Rindler (respectively Schwarzschild) observer can also be seen from the
fact that the Kubo—Martin—Schwinger (KMS) (Kadanoff and Baym, 1962;
Haag et al., 1967) condition which characterizes a thermal state is not pre-
served under the passage from the Minkowski to the Rindler frame, or from
the Kruskal to the Schwarzschild frame.
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